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Abstract
In this paper, we classify all homogeneous spaces ρ(H)\GL(V ) with an open dense P -orbit,
except when (GL1 ×H,Λ1 ⊗ ρ,V (1)⊗V ) is a trivial P.V., where P is a proper parabolic subgroup
of GL(V ) and ρ :H → GL(V ) is a finite-dimensional irreducible representation of a semisimple
algebraic group H . When P is of type P(e1, e2, e3), we classify all the cases up to equivalence. We
consider everything over the complex number field C.
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Introduction
The notion of weakly spherical homogeneous spaces was introduced by Fumihiro Sato
[S1,S2]. It is a generalization of the notion of prehomogeneous vector spaces by Mikio Sato
and that of symmetric spaces [V]. This notion is useful even to investigate some property
of prehomogeneous vector spaces. To construct the general theory of weakly spherical
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794 T. Kimura et al. / Journal of Algebra 302 (2006) 793–816homogeneous spaces, we need their examples. Together with [KKO], this paper gives their
basic examples systematically.
In Section 1, we give preliminaries about weakly spherical homogeneous spaces, in
particular their relation with prehomogeneous vector spaces.
In Section 2, we give some general correspondence of orbits and their isotropy sub-
groups of the space of the type (H × GLn, ρ ⊗Λ1,M(m,n)) (see Proposition 2.1). Using
this, we generalize the theorem of [KUY] giving some P.V.-equivalence which will be used
to prove Theorem 7.4. Let ρ :H → GLm be an irreducible representation of a semisimple
algebraic group H . If some proper parabolic subgroup P of GL(V ) acts on ρ(H)\GLm
with an open dense P -orbit, we call ρ(H)\GLm an irreducible weakly spherical homoge-
neous spaces.
In Section 3, we show that it is so if and only if a triplet (GL1 × H,Λ1 ⊗ ρ,V (1) ⊗
V (m)) is an irreducible P.V. In this case, it is always P(1,m − 1)-spherical and also
P(m − 1,1)-spherical. We call ρ(H)\GLm “of type P1” if it is P -spherical only when
P ∼= P(1,m − 1) or P ∼= P(m − 1,1). By [SK], all irreducible prehomogeneous vector
spaces are obtained by a finite number of successive castling transformations from reduced
ones which are classified.
In Section 4, we show that if (GL1 × H,Λ1 ⊗ ρ,V (1) ⊗ V (m)) is a non-reduced
irreducible P.V., then ρ(H)\GLm is of type P1. We also classify all irreducible weakly
spherical homogeneous spaces associated to all reduced irreducible prehomogeneous vec-
tor spaces except trivial P.V.’s. Recall that for any representation ρ :H → GLm of any
group H and for any nm, a triplet (H ×GLn, ρ ×Λ1,M(m,n)) is a reduced P.V. which
is called a trivial P.V.
In Section 5, we gather miscellaneous results of the case associated to trivial P.V.’s.
To deal with them, we need a different view point. If ρ(H)\GLm is P -spherical, we call
(ρ(H)\GLm,P ) a parabolic prehomogeneous pair (abbrevation PP-pair). We define some
equivalences among PP-pairs.
In Section 6, we classify all PP-pairs of type (ρ(H)\GLm,P (e,m − e)) up to equiva-
lence. We see that it is essentially equivalent to a classification of irreducible P.V.’s by [SK].
In Section 7, we classify all PP-pairs of type (ρ(H)\GLm,P (e1, e2, e3)) up to equiva-
lence. It becomes much more complicated than the case of type (ρ(H)\GLm,P (e,m− e))
and we need Theorem 2.3 given in Section 2.
1. Preliminaries
Let G be a connected linear algebraic group and H its closed subgroup. We call H\G
a weakly spherical homogeneous space if it has an open dense P -orbit for some parabolic
subgroup P of G. In this case, we also say that H\G is P -spherical. For example, a sym-
metric space is a weakly spherical homogeneous space (see [V]).
Proposition 1.1. The following conditions are equivalent.
(1) H\G is P -spherical.
(2) gHg−1\G is P -spherical for any g ∈ G.
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(4) tH−1\tG−1 is tP−1-spherical when G ⊂ GLm.
(5) σ(H)\G is σ(P )-spherical for any automorphism σ of G.
(6) Ho\G is P -spherical where Ho is the connected component of H .
Proof. Clearly H\G is P -spherical if and only if G has a Zariski-dense orbit HyP . Since
HyP = g−1t (gHg−1(gy)P ) = (H(yg−1)gPg−1)g, we obtain (2) and (3). Similarly one
can prove the remaining part. 
From now on, we shall assume that G is the general linear algebraic group GLm. We
also write GL(m) instead of GLm when m is a fractional number such as GL( n(n+1)2 ), etc.
Since any parabolic subgroup P of GLm is conjugate to a standard parabolic subgroup,
by Proposition 1.1, we may assume that P is a standard parabolic subgroup P(e1, . . . , er )
(e1 + · · · + er = m) defined as follows:
P(e1, . . . , er ) =
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
⎛
⎜⎜⎜⎜⎜⎝
P11 P12
. . . P1r
0 P22
. . .
. . .
0 0
. . .
. . .
0 0 0 Prr
⎞
⎟⎟⎟⎟⎟⎠ ∈ GLm;
Pij ∈ M(ei, ej )
(1 i, j m)
⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭
, (1.1)
where M(m,n) denotes the totality of m× n matrices.
Corollary 1.2. The following conditions are equivalent.
(1) H\GLm is P(e1, e2, . . . , er )-spherical.
(2) tH−1\GLm is P(er , er−1, . . . , e1)-spherical.
In particular, if H is reductive, then H\GLm is P(er , er−1, . . . , e1)-spherical.
Proof. Put
I˜m =
⎛
⎝0 1. . .
1 0
⎞
⎠ .
Then we have I˜−1m = I˜m and one can easily check that I˜m · tP (e1, e2, . . . , er )−1 · I˜−1m =
P(er , er−1, . . . , e1). Hence we have our result by Proposition 1.1. 
Let ρ :G → GL(V ) be a finite-dimensional rational representation of a connected linear
algebraic group G. When V has a Zariski-dense G-orbit, we call a triplet (G,ρ,V ) a
prehomogeneous vector space (abbreviated P.V.).
Put f1 = e1, f2 = e1 + e2, . . . , fi = e1 + · · · + ei, . . . , fr = e1 + · · · + er = m.
Let GLfr × GLf × · · · × GLf act on V = M(m,fr−1) ⊕ · · · ⊕ M(f2, f1) byr−1 1
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v = (vr−1, . . . , v1) ∈ V = M(m,fr−1) ⊕ · · · ⊕ M(f2, f1). Then it is a P.V. The GLfr -part
of a generic isotropy subgroup of a generic point
v0 =
([
Ifr−1
0
]
, . . . ,
[
If1
0
])
is a parabolic subgroup P(e1, . . . , er ). Hence (H × P(e1, . . . , er ),M(m)) is a P.V. if and
only if (H ×GLfr ×GLfr−1 ×· · ·×GLf1 ,M(m)⊕M(m,fr−1)⊕· · ·⊕M(f2, f1)) is a P.V.,
where g · v = (hvrg−1r , grvr−1g−1r−1, . . . , g2v1g−11 ) for g = (h, gr , . . . , g1) ∈ H × GLfr ×
GLfr−1 × · · · × GLf1 and v = (vr , . . . , v1) ∈ M(m) ⊕ M(m,fr−1) ⊕ · · · ⊕ M(f2, f1). It
is clear that H\GLm is P(e1, . . . , er )-spherical if and only if (H × P(e1, . . . , er ),M(m))
is a P.V. Since a generic isotropy subgroup of (H × GLfr ,M(m)) at a generic point Im
is given by {(h,h) ∈ H × GLfr ;h ∈ H } ∼= H , it is also P.V.-equivalent to (H × GLfr−1 ×· · · × GLf1 ,M(m,fr−1) ⊕ · · · ⊕ M(f2, f1)). Thus we obtain the basic relation between
weakly spherical homogeneous spaces of GLm and prehomogeneous vector spaces.
Proposition 1.3 (F. Sato). Put f1 = e1, f2 = e1 + e2, . . . , fr = e1 +· · ·+ er = m. Then the
following conditions are equivalent.
(1) H\GLm is P(e1, . . . , er )-spherical.
(2) (H × GLfr × GLfr−1 × · · · × GLf1 , σ,M(m) ⊕ M(m,fr−1) ⊕ · · · ⊕ M(f2, f1)) is
a P.V., where the action σ is given by σ(g)v = (hvrg−1r , grvr−1g−1r−1, . . . , g2v1g−11 )for g = (h, gr , . . . , g1) ∈ H × GLfr × GLfr−1 × · · · × GLf1 and v = (vr , . . . , v1) ∈
M(m)⊕M(m,fr−1)⊕ · · · ⊕M(f2, f1).
(3) (H × GLfr−1 × · · · × GLf1 , ρ,M(m,fr−1) ⊕ · · · ⊕ M(f2, f1)) is a P.V., where the
action ρ is given by ρ(g)v = (hvr−1g−1r−1, gr−1vr−2g−1r−2, . . . , g2v1g−11 ) for g =
(h, gr−1, . . . , g1) ∈ H ×GLfr−1 ×· · ·×GLf1 and v = (vr−1, . . . , v1) ∈ M(m,fr−1)⊕· · · ⊕M(f2, f1).
Corollary 1.4 (Castling transform). Assume that m > n  1, and let ρ :H → GLm be a
rational representation. Then the following conditions are equivalent.
(1) (H × GLn, ρ ⊗Λ1,M(m,n)) is a P.V.
(2) ρ(H)\GLm is P(n,m− n)-spherical.
(3) ρ∗(H)\GLm is P(m− n,n)-spherical.
(4) (H × GLm−n, ρ∗ ⊗Λ1,M(m,m− n)) is a P.V.
Proof. Equivalence of (1) and (2) (respectively (3) and (4)) is a special case of Proposi-
tion 1.3, and that of (2) and (3) is a special case of Corollary 1.2. 
We say that (1) and (4) are castling transforms of each other. Two triplets are called
castling-equivalent if one is transformed to the other by a finite number of castling trans-
formations.
In general, we denote by V (m) an m-dimensional vector space.
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Proof. If (H,ρ,V (m)) is a P.V., then (H × GL1, ρ ⊗ Λ1,V (m) ⊗ V (1)) is also a P.V.
Then this is a special case of Corollary 1.4. 
Proposition 1.6 (Y. Teranishi [T]). Let ρ : H → GLm be an irreducible representation of
a connected semisimple algebraic group H , and Bm = P(1,1, . . . ,1) a Borel subgroup
of GLm. Then (H × Bm,ρ ⊗ Λ∗1,V (m) ⊗ V (m)) is a P.V. if and only if (H,ρ) is one of
(SLm,Λ1), (SOm,Λ1), and (Spn,Λ1) with m = 2n.
Corollary 1.7. Let (H × GL1, ρ ⊗ Λ1,V (m) ⊗ V (1)) be an irreducible P.V. with a semi-
simple algebraic group H different from SLm. Then ρ(H)\GLm is P(1,1, . . . ,1)-spherical
if and only if (H,ρ) = (SOm,Λ1) or = (Spn,Λ1) with m = 2n.
2. Some P.V.-equivalence and orbital decomposition
In this section, we may consider everything on any field K of characteristic 0. First we
refine Corollary 1.4.
Proposition 2.1 (Correspondence of orbits). For m > n  1, and for any representation
ρ : H → GLm, consider a triplet (H × GLn, ρ ⊗ Λ1,M(m,n)) and its castling trans-
form (H × GLm−n, ρ∗ ⊗ Λ1,M(m,m − n)) without assuming the prehomogeneity. Then
H × GLn-orbits in M(m,n)′ = {X ∈ M(m,n); rankX = n} correspond bijectively to
H × GLm−n-orbits in M(m,m − n)′ = {Y ∈ M(m,m − n); rankY = m − n}. Moreover,
the isotropy subgroups of corresponding orbits are isomorphic.
Proof. For X = (x1| . . . |xn) ∈ M(m,n)′, let 〈X〉 = Kx1 + · · · +Kxn be an n-dimensional
vector subspace of V (m) ∼= Km spanned by the column vectors of X. Then 〈X〉 is an
element of the Grassmann variety Grassn(V (m)) and we have 〈ρ(h)XtB〉 = 〈ρ(h)X〉 =
Kρ(h)x1 + · · · + Kρ(h)xn for (h,B) ∈ H × GLn. Moreover, for X,X′ ∈ M(m,n)′ sat-
isfying 〈X′〉 = 〈ρ(h)X〉, there exists uniquely B ∈ GLn such that X′ = ρ(h)XtB . Hence
H × GLn-orbits in M(m,n)′ and H -orbits in Grassn(V (m)) correspond bijectively. Let
H〈X〉 = {h ∈ H ; 〈ρ(h)X〉 = 〈X〉} be the isotropy subgroup of H at 〈X〉. For h ∈ H〈X〉,
an element B ∈ GLn satisfying ρ(h)XtB = X is uniquely determined, so we can write
B = ϕ(h). Then the isotropy subgroup (H ×GLn)X = {(h,B) ∈ H ×GLn;ρ(h)XtB = X}
at X coincides with {(h,ϕ(h));h ∈ H〈X〉} ∼= H〈X〉. In particular H〈X〉 is the H -part of
(H × GLn)X . Since Grassn(V (m)) is identified with Grassm−n(V (m)∗) by W → W⊥ =
{v∗ ∈ V (m)∗; 〈v∗,W 〉 = 0} and (ρ(h)W)⊥ = ρ∗(h)W⊥, we have H〈X〉 = H〈X〉⊥ . There-
fore if 〈X〉⊥ = 〈Y 〉 for some Y ∈ M(m,m− n)′, then the H × GLn-orbit of X ∈ M(m,n)′
and the H × GLm−n-orbit of Y ∈ M(m,m − n)′ correspond and their isotropy subgroups
are isomorphic. 
Although it is not used in the rest of this paper, we give a useful result which is obtained
from Proposition 2.1.
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be any representation of any group H . Assume that we have the complete orbital de-
composition of (H × GL([m2 ]), ρ ⊗ Λ1,V (m) ⊗ V ([m2 ])) where [m2 ] is the largest in-
teger satisfying [m2 ]  m2 . Then automatically we obtain the orbital decomposition of
(H × GLn, ρ ⊗ Λ1,V (m) ⊗ V (n)) for any natural number n. If we know the isotropy
subgroups of all orbits in the former case, then we have the isotropy subgroups of all or-
bits in the latter case.
Proof. We identify V (m) ⊗ V (n) with M(m,n). If n  m, then any X ∈ M(m,n) is
transformed to (X′|0) with X′ ∈ M(m) by the action of GLn. If rankX′ = m, then it is
transformed to (Im|0). So we may assume that rankX′ m− 1, and hence it is enough to
consider only the case nm−1. The remaining part is obtained from Proposition 2.1. 
The following theorem is a generalization of [K, Theorem 7.10]. This theorem will be
used to prove Propositions 5.1, 7.3 and Theorem 7.4.
Theorem 2.3. For m > n  1, let (H × GLn, ρ ⊗ Λ1,M(m,n)) be a P.V. with a generic
point V0 = (v1| . . . |vn). Let H〈V0〉 be the H -part of the isotropy subgroup of H ×GLn at V0.
Put 〈V0〉⊥ = {w ∈ V (m)∗; 〈w,v1〉 = · · · = 〈w,vn〉 = 0}. Then for any representation σ :
H ′ → GLe the following assertions are equivalent.
(1) (H × GLm−n × H ′, ρ∗ ⊗ Λ1 ⊗ 1 + 1 ⊗ Λ∗1 ⊗ σ, M(m,m − n) ⊕ M(m − n, e)) is
a P.V.
(2) (H〈V0〉 ×H ′, ρ∗|〈V0〉⊥ ⊗ σ, 〈V0〉⊥ ⊗ V (e)) is a P.V.
Proof. We use the same notations as in the proof of Proposition 2.1. If 〈V0〉⊥ = 〈W0〉
with W0 = (w1| . . . |wm−n) ∈ M(m,m − n), then W0 is a generic point of the space
(H × GLm−n, ρ∗ ⊗ Λ1,M(m,m − n)), and the isotropy subgroup of H × GLm−n at
W0 is {(h,ψ(h)) ∈ H × GLm−n; h ∈ H〈W0〉} ∼= H〈W0〉 = H〈V0〉. We identify 〈V0〉⊥ with
V (m− n)∗ by y = y1w1 + · · · + ym−nwm−n → t(y1, . . . , ym−n). Since ρ∗(h)Wt0ψ(h) =
W0 implies that ρ∗(h)y = (ρ∗(h)w1| . . . |ρ∗(h)wm−n)t(y1, . . . , ym−n) = (w1| . . . |wm−n)t ·
ψ(h)−1t(y1, . . . , ym−n), we have (H〈V0〉, ρ∗|〈V0〉⊥ , 〈V0〉⊥) ∼= ((H × GLm−n)W0 ,1 ⊗ Λ∗1,
V (m− n)∗), and hence we obtain our results. 
3. Irreducible weakly spherical homogeneous spaces and irreducible
prehomogeneous vector spaces
Let ρ : H → GLm be an irreducible representation of a connected linear algebraic
group H . Then, by a theorem of E. Cartan, ρ(H) is reductive with at most one-dimensional
center, namely, ρ(H) is semisimple, or the composition of semisimple algebraic group
with the scalar multiplications {αIm;α ∈ GL1} where Im denotes the identity matrix of
size m.
T. Kimura et al. / Journal of Algebra 302 (2006) 793–816 799Therefore since ρ(H)\GLm is P -spherical if and only if ρ(H)gP is open dense in GLm
for some g ∈ GLm, and since P ⊃ {αIm;α ∈ GL1} for any parabolic subgroup P , we may
assume that H is semisimple.
By Corollary 1.2, ρ(H)\GLm is P(e1, e2, . . . , er )-spherical if and only if P(er , er−1,
. . . , e1)-spherical, and hence we may only consider P(e1, e2, . . . , er ) with e1  er .
First we shall prove the following basic theorem.
Theorem 3.1. Let ρ : H → GLm be an irreducible representation of a connected semisim-
ple algebraic group H . Then the following assertions are equivalent.
(1) ρ(H)\GLm is an irreducible weakly spherical homogeneous space.
(2) (H × GL1, ρ ⊗Λ1,V (m)⊗ V (1)) is an irreducible P.V.
(3) ρ(H)\GLm is P(1,m− 1)- and P(m− 1,1)-spherical.
Proof. Equivalence of (2) and (3) is a special case of Corollary 1.4. Clearly (3) implies
(1) by definition. Since any standard parabolic subgroup is contained in P(n,m − n) for
some n with m > n  1, by Corollary 1.4, to show that (1) implies (3), is reduced to the
following Proposition 3.2. 
To prove the following Proposition 3.2, we need the results of a classification of ir-
reducible P.V.’s in [SK]. An irreducible P.V. (G,ρ,V ) is called reduced if any castling
transform (G′, ρ′,V ′) of this P.V. satisfies that dimV ′  dimV . In [SK], the table of all
irreducible reduced P.V.’s is given. For a non-reduced irreducible P.V., there is a unique
castling transformation which makes the dimension of the space smaller (see [SK, p. 40]).
If we use only such castling transformations, the number k of castling transformations to
reach a reduced P.V. is uniquely determined. We call this number k the reducing number
of that P.V. For example, any trivial P.V. is reduced and its reducing number is 0.
Proposition 3.2. Assume that (H ×GLn, ρ⊗Λ1,V (m)⊗V (n)) is an irreducible P.V. with
m> n 1. Then (H × GL1, ρ ⊗Λ1,V (m)⊗ V (1)) is also an irreducible P.V.
Proof. We shall prove this by induction on the reducing number k. If k = 0, i.e., if it is
reduced, we see from the table of reduced P.V.’s that this proposition holds. Assume that
the reducing number of (H × GLn, ρ ⊗ Λ1,V (m) ⊗ V (n)) is k + 1 with k  0. If it is
castling equivalent to a reduced P.V. (H0 × GLs , σ ⊗ Λ1,V (m0) ⊗ V (s)), then we have
H × GLn = H0 × GLn1 × · · · × GLnr , ρ ⊗Λ1 = σ ⊗Λ1 ⊗ · · · ⊗Λ1, and V (m)⊗V (n) =
V (m0)⊗ V (n1)⊗ · · · ⊗ V (nr) with 2 n1  · · · nr .
The castling transform at GLnt (1  t  r − 1) has not the smaller dimension since
n′t = m0n1 . . . nt−1nt+1 . . . nr − nt m0nr − nt  2nt − nt = nt . Hence the castling trans-
form at GLnr has the reducing number k, and we have n′r = m0n1 . . . nr−1 − nr < nr , i.e.,
m0n1... nr−1
2 < nr .
Therefore if n = nt (1 t  r − 1), then (H × GL1, ρ ⊗Λ1,V (m)⊗ V (1)) is a trivial
P.V. since m0n1 . . . nt−1nt+1 . . . nr−1 = m0n1... nr−1nt 
m0n1... nr−1
2 < nr .
If n = nr , then it is reduced to the case of n = n′r with the reducing number k. Hence
our assertion holds by induction on k. 
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let
H =
{( 1 0 0
0 1 0
a b 1
)
; a, b ∈ C
}
act on V (3) = C3 by ρ(h)x = hx (h ∈ H,x ∈ V (3)). Then one can easily see that the
space (H × GL2, ρ ⊗Λ1,V (3)⊗ V (2)) is a P.V. with a generic point[
I2
0
]
,
while (H × GL1, ρ ⊗Λ1,V (3)⊗ V (1)) is a non-P.V.
By Theorem 3.1, any irreducible weakly spherical homogeneous space ρ(H)\GLm is
always P(1,m − 1)- and P(m − 1,1)-spherical. So in this paper, tentatively, we say that
ρ(H)\GLm is “of type P1” if it is P -spherical only when P = P(1,m − 1) or when
P = P(m− 1,1).
Theorem 3.4. Let (H × GL1, ρ ⊗ Λ1,V (m) ⊗ V (1)) be an irreducible P.V. with a semi-
simple algebraic group H . Assume that 2m dimH + 5. Then ρ(H)\GLm is of type P1.
Proof. If H\GLm is P -spherical, then dimH + dimP  dim GLm = m2. Assume that
P(e,m − e) ⊃ P for some e satisfying 1  e  m − 1. Then we have m2 − e(m − e) =
dimP(e,m− e) dimP m2 −h with h = dimH , and hence e2 −me+h 0. Thus we
have
(m− 1) e m+
√
m2 − 4h
2
, or (1) e m−
√
m2 − 4h
2
.
Since
m+ √m2 − 4h
2
>m− 2, or (1) e m−
√
m2 − 4h
2
< 2
if and only if 2m> h+ 4, we have e = 1, or e = m− 1.
Now if P  P(1,m − 1), then we have P ⊂ P(1, e,m − 1 − e) for some e satisfying
1 em− 2. Then 1 + e > 1, and P ⊂ P(1 + e,m− 1 − e), and hence 1 + e = m− 1.
This implies that e = m − 2 and P ⊂ P(1,m − 2,1). We have since m2 − 2m + 3 =
dimP(1,m − 2,1)  dimP m2 − h, then (2m >) h + 3  2m. This is a contradiction
and hence if P ⊂ P(1,m− 1), then we have P = P(1,m− 1).
Similarly if P ⊂ P(m− 1,1), then we have P = P(m− 1,1). 
Corollary 3.5. Let (H × GL1, ρ ⊗Λ1,V (m)⊗ V (1)) be an irreducible P.V. with a semi-
simple algebraic group H , which is castling equivalent to a reduced P.V. (G0, ρ0,V0).
Assume that m r0 + 4 where r0 = dimG0 − dimV0. Then ρ(H)\GLm is of type P1.
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change under castling transformations, we have (r0 =) dimG0 −dimV0 = dimH +1−m.
Hence m r0 + 4 implies that 2m dimH + 5, and we obtain our assertion. 
Corollary 3.6. Let (G0, ρ0,V0) be a reduced irreducible P.V. and 2 dimV0  dimG0 + 4.
Then for any (H ×GL1, ρ⊗Λ1,V (m)⊗V (1)) which is castling equivalent to (G0, ρ0,V0),
the weakly spherical homogeneous space ρ(H)\GLm is of type P1.
Proof. Since m  dimV0  (dimG0 − dimV0) + 4 = r0 + 4, we obtain our result by
Corollary 3.5. 
4. The case associated to reduced non-trivial or non-reduced P.V.’s
The main aim of this section is to prove the following theorem by investigating case by
case. We also investigate all reduced cases except trivial P.V.’s.
Theorem 4.1. Assume that (H ×GL1, ρ⊗Λ1,V (m)⊗V (1)) is a non-reduced irreducible
P.V. with a semisimple algebraic group H . Then ρ(H)\GLm is of type P1.
Through this section, let (H ×GL1, ρ⊗Λ1,V (m)⊗V (1)) be a non-reduced irreducible
P.V. with a semisimple algebraic group H , which is castling equivalent to a reduced P.V.
(G0, ρ0,V0). Put r0 = dimG0 − dimV0. Let (G1, ρ1,V (m1)) be a castling transform of
(G0, ρ0,V0) which has the least dimension among the non-reduced P.V.’s of this castling
class. Since mm1, if m1  r0 + 4, then, by Corollary 3.5, we obtain that ρ(H)\GLm is
of type P1. Note that although we use G0 and G1 in the above sense, we use G2 as the
14-dimensional exceptional simple algebraic group of rank 2.
Proposition 4.2. If (H × GL1, ρ ⊗ Λ1,V (m) ⊗ V (1)) is a non-reduced P.V. which is
castling equivalent to a trivial P.V., then ρ(H)\GLm is of type P1.
Proof. If (G0, ρ0,V0) = (H0 × GLn0 , σ ⊗ Λ1,V (m0) ⊗ V (n0)) with 2  m0  n0, then
we have (G1, ρ1,V (m1)) = (H0 × SLn0 × GLm0n0−1, σ ⊗ Λ1 ⊗ Λ1,V (m0) ⊗ V (n0) ⊗
V (m0n0 − 1)), and hence m1 = m0n0(m0n0 − 1) and r0 = dimH0 + n20 − m0n0 m20 +
n20 − 1 −m0n0. Since (m20 − 1)(n20 − 1) 9, we have m1 > r0 + 4. 
Proposition 4.3.
(1) Let (H × GL1, ρ ⊗Λ1,V (m)⊗V (1)) is a non-reduced P.V. which is castling equiva-
lent to (GLn,2Λ1,Symn) with n 2. Then ρ(H)\GLm is of type P1.
(2) 2Λ1(SLn)\GL( n(n+1)2 ) is of type P1 for n 4.
(3) 2Λ1(SL3)\GL6 is P -spherical if and only if P = P(1,5),P (2,4),P (4,2),P (5,1).
(4) 2Λ1(SL2)\GL3 (= SO3\GL3) is P -spherical for any parabolic subgroup P .
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V (
n(n+1)
2 − 1)) in this case, we have m1 = ( n(n+1)2 )( n(n+1)2 − 1)  r0 + 4 = n(n−1)2 + 4
for n 2.
(2) Since 2 dim Symn = n(n+ 1) dim SLn + 5 = n2 + 4 for n 4, we have our asser-
tion from Theorem 3.4.
(3) Since (SL3 ×GLk,2Λ1 ⊗Λ1,V (6)⊗V (k)) with k < 6 is a P.V. if and only if k = 1,
2, 4, 5, we have our results. By dimension reason, they are minimal parabolic subgroups to
be weakly spherical.
(4) Since 2Λ1(SL2) = SO3, we have our result by Corollary 1.7. 
Proposition 4.4.
(1) Let (H × GL1, ρ ⊗Λ1,V (m)⊗V (1)) is a non-reduced P.V. which is castling equiva-
lent to (GLn,Λ2,Altn) with n 4. Then ρ(H)\GLm is of type P1.
(2) If n = even 8, then Λ2(SLn)\GL( n(n−1)2 ) is of type P1.
(3) If n = odd  7, then Λ2(SLn)\GL( n(n−1)2 ) is P -spherical if and only if P contains
P(1,1, n(n−1)2 − 2) or P(n(n−1)2 − 2,1,1).(4) Λ2(SL6)\GL15 is P -spherical if and only if P = P(1,14),P (2,13),P (13,2),
P(14,1).
(5) Λ2(SL5)\GL10 is P -spherical if and only if P contains P(1,1,1,7), P(1,1,7,1),
P(1,7,1,1), P(7,1,1,1), P(4,6), or P(6,4).
(6) Λ2(SL4)\GL6 (= SO6\GL6) is P -spherical for any parabolic subgroup P .
Proof. (1) Since (G1, ρ1,V (m1)) = (SLn × GL( n(n−1)2 − 1),Λ2 ⊗ Λ1,V (n(n−1)2 ) ⊗
V (
n(n−1)
2 −1)), we have m1 = n(n−1)2 ( n(n−1)2 −1) and r0 = n2 −dim Altn = n(n+1)2 . There-
fore m1  r0 + 4 if and only if n2(n+ 1)(n− 3) 16, and this holds for n 4. Hence we
obtain our assertion by Corollary 3.5. (2)–(6) have been proved in [KKO]. 
Proposition 4.5. Let (H ×GL1, ρ⊗Λ1,V (m)⊗V (1)) is a P.V. which is castling equivalent
to one of the following P.V.:
(1) (GL2,3Λ1,V (4));
(2) (GL6,Λ3,V (20));
(3) (GL7,Λ3,V (35));
(4) (GL8,Λ3,V (56));
(5) (SL3 × GL2,2Λ1 ⊗Λ1,V (6)⊗ V (2));
(6) (SL6 × GL2,Λ2 ⊗Λ1,V (15)⊗ V (2));
(7) (SL5 × GL3,Λ2 ⊗Λ1,V (10)⊗ V (3));
(8) (SL5 × GL4,Λ2 ⊗Λ1,V (10)⊗ V (4));
(9) (SL3 × SL3 × GL2,Λ⊗Λ1,V (3)⊗ V (3)⊗ V (2));
(10) (Sp3 × GL1,Λ3 ⊗Λ1,V (14)⊗ V (1));
(11) (Spin7 × GL2, the spin rep.⊗Λ1,V (8)⊗ V (2));
(12) (Spin7 × GL3, the spin rep.⊗Λ1,V (8)⊗ V (3));
(13) (Spin9 × GL1, the spin rep.⊗Λ1,V (16)⊗ V (1));
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(15) (Spin10 × GL3, a half-spin rep.⊗Λ1,V (16)⊗ V (3));
(16) (Spin11 × GL1, the spin rep.⊗Λ1,V (32)⊗ V (1));
(17) (Spin12 × GL1, a half-spin rep.⊗Λ1,V (32)⊗ V (1));
(18) (Spin14 × GL1, a half-spin rep.⊗Λ1,V (64)⊗ V (3));
(19) (G2 × GL2,Λ2 ⊗Λ1,V (7)⊗ V (2));
(20) (E6 × GL2,Λ1 ⊗Λ1,V (27)⊗ V (2));
(21) (E7 × GL1,Λ6 ⊗Λ1,V (56)⊗ V (1));
(22) (SL2m+1 × GL2,Λ2 ⊗Λ1,V (m(2m+ 1))⊗ V (2)) with m 2.
Then ρ(H)\GLm is of type P1.
Proof. By Corollary 3.6, we obtain our results except (13), (17) and (21). For (13)
(respectively (17), (21)), we have (G1, ρ1,V (m1)) = (Spin9 × GL15, the spin rep. ⊗
Λ1,V (16)⊗ V (15)) (respectively (Spin12 ×GL31, a half-spin rep.⊗Λ1,V (32)⊗V (31)),
(E7 × GL55,Λ6 ⊗ Λ1,V (56) ⊗ V (55))) and m1 = 240 (respectively 992,3080) 
34 (respectively 39,82) = r0 + 4. The proof of the remaining part of these cases is ob-
tained in [KKO]. 
Proposition 4.6.
(1) If (H ×GL1, ρ⊗Λ1,V (m)⊗V (1)) is a non-reduced P.V. which is castling equivalent
to (Spin7 × GL1, the spin rep.⊗Λ1,V (8)⊗ V (1)). Then ρ(H)\GLm is of type P1.
(2) Spin7\GL8 is P -spherical if and only if P contains one of P(1,1,1,5),P (1,1,5,1),
P(1,5,1,1),P (5,1,1,1).
Proof. (1) Since (G1, ρ1,V (m1)) = (Spin7 × GL7, the spin rep.⊗Λ1,V (8)⊗V (7)), we
have m1 = 56 18 = r0 + 4.
(2) This was obtained in [KKO]. 
Proposition 4.7.
(1) If (H ×GL1, ρ⊗Λ1,V (m)⊗V (1)) is a non-reduced P.V. which is castling equivalent
to (Spin10 × GL1, a half-spin rep. ⊗ Λ1,V (16) ⊗ V (1)). Then ρ(H)\GLm is of type
P1.
(2) Spin10\GL16 is P -spherical if and only if P contains P(1,1,1,13), P(1,1,13,1),
P(1,13,1,1), or P(13,1,1,1).
Proof. (1) Since (G1, ρ1,V (m1)) = (Spin10 ×GL15, the spin rep.⊗Λ1,V (16)⊗V (15)),
we have m1 = 240 34 = r0 + 4.
(2) This was obtained in [KKO]. 
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(1) If (H ×GL1, ρ⊗Λ1,V (m)⊗V (1)) is a non-reduced P.V. which is castling equivalent
to (G2 × GL1,Λ2 ⊗Λ1,V (7)⊗ V (1)). Then ρ(H)\GLm is of type P1.
(2) G2\GL7 is P -spherical if and only if P contains P(1,1,5),P (1,5,1), or P(5,1,1).
Proof. (1) Since (G1, ρ1,V (m1)) = (G2 × GL6,Λ2 ⊗ Λ1,V (7) ⊗ V (6)), we have m1 =
42 12 = r0 + 4.
(2) This was obtained in [KKO]. 
Proposition 4.9.
(1) If (H ×GL1, ρ⊗Λ1,V (m)⊗V (1)) is a non-reduced P.V. which is castling equivalent
to (E6 × GL1,Λ1 ⊗Λ1,V (27)⊗ V (1)). Then ρ(H)\GLm is of type P1.
(2) E6\GL27 is P -spherical if and only if P = P(1,26),P (2,25),P (25,2),P (26,1).
Proof. (1) Since (G1, ρ1,V (m1)) = (E6 × GL26,Λ1 ⊗ Λ1,V (27) ⊗ V (26)), we have
m1 = 702 56 = r0 + 4.
(2) This was obtained in [KKO]. 
Proposition 4.10.
(1) If (H × GL1, ρ ⊗Λ1,V (k)⊗V (1)) is a non-reduced P.V. which is castling equivalent
to (Spn × GLm,Λ1 ⊗Λ1,V (2n)⊗V (m)) with nm 1, n 2. Then ρ(H)\GLk is
of type P1.
(2) Spn\GL2n is P -spherical for any parabolic subgroup P .
(3) For nm 2, (Spn × SLm)\GL2mn is of type P1.
Proof. (1) For n >m 1, we have (G1, ρ1,V (m1)) = (Spn×GL2n−m,Λ1 ⊗Λ1,V (2n)⊗
V (2n − m)) and hence m1 = 2n(2n − m)  r0 + 4 = (n(2n + 1) + m2 − 2nm) + 4
if and only if n(n − 1) + (n2 − m2)  4. This holds in our case. For n = m  2, we
have (G1, ρ1,V (m1)) = (Spn × SLn × GL(2n2 − 1),Λ1 ⊗ Λ1 ⊗ Λ1,V (2n) ⊗ V (n) ⊗
V (2n2 − 1)) and hence m1 = 2n2(2n2 − 1) r0 + 4 = (n(2n+ 1)+ n2 − 2n2)+ 4 if and
only if 3n2(n2 − 1)+ n(n3 − 1) 4 and this holds for n 2.
(2) This is obtained from Corollary 1.7.
(3) If (Spn × SLm)\GL2mn is P(e,2nm− e)-spherical with 2 e nm, then by Propo-
sition 1.3, (Spn × SLm × GLe) must be a P.V. Since 2ne −mm and 2nm− e e, this is
a reduced triplet. By [SK], this is not a P.V. So we have e = 1. Now it is P(1,2nm− 2,1)-
spherical if and only if (Spn × GLm × GL2nm−1,Λ1 ⊗ Λ1 ⊗ Λ∗1 + 1 ⊗ 1 ⊗ Λ1,V (2n) ⊗
V (m)⊗ V ∗(2nm− 1)+ V (1)⊗ V (1)⊗ V (2nm− 1)) is a P.V. However, this is not a P.V.
by [KUY, Proposition 2.10]. 
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(1) If (H × GL1, ρ ⊗Λ1,V (k)⊗V (1)) is a non-reduced P.V. which is castling equivalent
to (SOn × GLm,Λ1 ⊗Λ1,V (n)⊗V (m)) with n 2m 2, n 3. Then ρ(H)\GLk is
of type P1.
(2) SOn\GLn is P -spherical for any parabolic subgroup P .
(3) For m 2, (SOn × SLm)\GLmn is of type P1.
Proof. (1) If n > 2m, then we have (G1, ρ1,V (m1)) = (SOn × GLn−m,Λ1 ⊗Λ1,V (n)⊗
V (n − m)), and hence m1 = n(n − m)  r0 + 4 = n(n+1)2 + m2 − nm + 4 if and only if
n(n + 1) 2m2 + 8, and this holds in our case. If n = 2m, then (SO2n × GLn,Λ1 ⊗ Λ1,
V (2n)⊗ V (n)) satisfies 2 dimV0 = 4n2  n(2n− 1)+ n2 + 4 = dimG0 + 4.
(2) This is obtained from Corollary 1.7.
(3) If (SOn × SLm)\GLnm is P(e,nm − e)-spherical for 2 e  12nm, then by Propo-
sition 1.3, a reduced triplet(SOn × SLm × GLe,Λ1 ⊗Λ1 ⊗Λ1,V (n)⊗V (m)⊗V (e)) is a
P.V. which is a contradiction by [SK]. So we have e = 1. If it is P(1, nm− 2,1)-spherical,
then by Proposition 1.3, (SOn × GLm × GLnm−1,Λ1 ⊗ Λ1 ⊗ Λ∗1 + 1 ⊗ 1 ⊗ Λ1,V (n) ⊗
V (m) ⊗ V ∗(nm − 1) + V (1) ⊗ V (1) ⊗ V (nm − 1)) is a P.V. which is a contradiction by
[KUY, Proposition 2.10]. 
Proposition 4.12. If (H × GL1, ρ ⊗ Λ1,V (m) ⊗ V (1)) is castling equivalent to (Spn ×
GL2,Λ1 ⊗ 2Λ1,V (2n) ⊗ V (3)) (∼= (Spn × SO3 × GL1,Λ1 ⊗ Λ1 ⊗ Λ1,V (2n) ⊗
V (3)⊗ V (1))), then ρ(H)\GLm is of type P1.
Proof. In our case, (G1, ρ1,V (m1)) = (Spn × SO3 × GL6n−1,Λ1 ⊗ Λ1 ⊗ Λ1,V (2n) ⊗
V (3) ⊗ V (6n − 1)), and hence we have m1 = 6n(6n − 1)  r0 + 4 = (n(2n + 1) +
4 − 6n)+ 4 for n 2. This gives the proof for the non-reduced case. If (Spn × SO3)\GL6n
is P(e,6n − e)-spherical for some e satisfying 2 e  3n, then a reduced triplet (Spn ×
SO3 ×GLe,Λ1 ×Λ1 ×Λ1,V (2n)⊗V (3)⊗V (e)) must be a P.V. by Proposition 1.3, which
is a contradiction by [SK]. If (Spn × SO3)\GL6n is P(1,6n− 2,1)-spherical, then (Spn ×
SO3 ×GL6n−1 ×GL1,Λ1 ⊗Λ1 ⊗Λ∗1 ⊗1+1⊗1⊗Λ1 ⊗Λ1,V (6n(6n−1))⊕V (6n−1))
(∼= (Spn × GL2 × GL6n−1,Λ1 ⊗ 2Λ1 ⊗ Λ1 + 1 ⊗ 1 ⊗ Λ∗1,V (6n(6n − 1)) ⊕ V (6n − 1)))
must be a P.V. which is a contradiction by [KUY, Proposition 2.10]. 
5. The case associated to trivial P.V.’s
Proposition 5.1. Let (H × GLn, ρ ⊗ Λ1,V (m) ⊗ V (n)) with 2  m  n be a trivial
P.V. Then (H × SLn)\GLmn is P(1,mn − 2,1)-spherical if and only if (H,ρ,V (m)) =
(SL2,Λ1,V (2)).
Proof. Since ρ(H) ⊂ SLm, and any 2-dimensional irreducible representation is isomor-
phic to (SL2,Λ1,V (2)), it is enough to prove for the case of (H,ρ) = (SLm,Λ1). Now
(SLm × SLn)\GLmn is P(1,mn− 2,1)-spherical if and only if (G,ρ,V ) is a P.V., where
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ρ = Λ1 ⊗Λ1 ⊗Λ∗1 ⊗ 1 + 1 ⊗ 1 ⊗Λ1 ⊗Λ1,
V = V (mn(mn− 1))⊕ V (mn− 1).
This, in turn, is P.V.-equivalent to (SLm × GLn × GLmn−1,Λ1 ⊗ Λ1 ⊗ Λ1 + 1 ⊗ 1 ⊗
Λ∗1,V (mn) ⊗ V (mn − 1) ⊕ V (mn − 1)∗). Now we use Theorem 2.3. The (SLm × GLn)-
part of the isotropy subgroup of ((SLm × GLn) × GL1, (Λ1 ⊗ Λ1) ⊗ Λ1,M(m,n)) at
v0 = (Im|0) acts contragradiently to the X-part of 〈v0〉⊥ = {(X|Y) ∈ M(m,n);X ∈
M(m), trX = 0} as (SLm × GL1, the adjoint rep. ⊗ Λ1, slm) where slm = Lie(SLm) =
{X ∈ M(m); trX = 0}. By this action, the ratio of eigenvalues of X does not change, and
hence it is a P.V. if and only if m = 2. 
Proposition 5.2. Let (H × GLn, ρ ⊗ Λ1,M(n)) be a trivial P.V. with n  2. If (H ×
SLn)\GLn2 is not of type P1, then it is one of the following.
(1) (H,ρ) = (SL2,Λ1). In this case, (SL2 × SL2)\GL4 (= SO4\GL4) is P -spherical for
any parabolic subgroup P .
(2) (H,ρ) = (SL3,Λ1). In this case, (SL3 × SL3)\GL9 is P -spherical if and only if P =
P(1,8),P (2,7),P (7,2),P (8,1).
Proof. If (H × SLn)\GLn2 is P(e,n2 − e)-spherical for some e satisfying 2  e  n
2
2 ,
then (H × SLn × GLe, ρ ⊗ Λ1 ⊗ Λ1,V (n) ⊗ V (n) ⊗ V (e)) is a reduced irreducible P.V.,
and hence, by [SK], we have (1) (H,ρ) = (SL2,Λ1) with e = 2, or (2) (H,ρ) = (SL3,Λ1)
with e = 2. By Corollary 1.7 and Proposition 5.1, and also by the fact that the GL2-part of
a generic isotropy subgroup of (SL3 × SL3 × GL2,Λ1 ⊗ Λ1 ⊗ Λ1,V (3) ⊗ V (3) ⊗ V (2))
is {I2}, we have our results. 
By this proposition, we may assume that 2m< n.
Proposition 5.3. (SLm × SLn)\GLmn is P(1,1,mn − 2)-spherical and P(mn − 2,1,1)-
spherical for 2m< n.
Proof. It is so if and only if (SLm × SLn ×P(1,1),Λ1 ⊗Λ1 ⊗Λ∗1,V (m)⊗V (n)⊗V (2))
is a P.V. If n  2m, then this is a trivial P.V. Now assume that 2m > n (> m) and put
n′ = 2m− n (<m). Then (SLn′ × SLm ×P(1,1),Λ1 ⊗Λ1 ⊗Λ∗1,V (n′)⊗V (m)⊗V (2))
is its castling transform. If n′ = 1, then this is a trivial P.V. If 2  n′ < m, then we can
repeat this procedure, and finally we reach a trivial P.V. 
Proposition 5.4. Let ρ : H → GLm (m  2) be any (irreducible) representation of any
(semisimple) algebraic group H .
(1) For e = e1 + · · · + er , if a triplet (H ×P(e1, . . . , er ), ρ ⊗Λ∗1,V (m)⊗V (e)) is a P.V.,
then for any k with 1 k  r , a triplet (H × P(e1, . . . , ek), ρ ⊗ Λ∗1,V (m) ⊗ V (e1 +· · · + ek)) is also a P.V.
T. Kimura et al. / Journal of Algebra 302 (2006) 793–816 807(2) For any e = e1 + · · · + er with e1 m, a triplet (H ×P(e1, . . . , er ), ρ ⊗Λ∗1,V (m)⊗
V (e)) is always a P.V.
(3) For any e = e1 + · · · + er (m) with e1 < m, let k (1 k < r) be a natural number
satisfying e1 + · · · + ek < m  e1 + · · · + ek+1. Then a triplet (H × P(e1, . . . , er ),
ρ ⊗ Λ∗1,V (m) ⊗ V (e)) is a P.V. if and only if a triplet (H × P(e1, . . . , ek), ρ ⊗ Λ∗1,
V (m)⊗ V (e1 + · · · + ek)) is a P.V.
Proof. We identify V (m)⊗ V (e) with M(m,e).
(1) If (X|Y) ∈ M(m,e) with X ∈ M(m,e1 + · · · + ek) is a generic point of the former
triplet, then X is a generic point of the latter triplet.
(2) (Im|0) ∈ M(m,e) is a generic point.
(3) Note that a triplet (H × P(e1, . . . , ek), ρ ⊗ Λ∗1,V (m) ⊗ V (e1 + · · · + ek)) is a
P.V. if and only if (H × P(e1, . . . , ek,m − e1 − · · · − ek), ρ ⊗ Λ∗1,M(m)) is a P.V. Let
X ∈ GLm be its generic point. Then (X|0) ∈ M(m,e) is a generic point of a triplet
(H × P(e1, . . . , er ), ρ ⊗Λ∗1,V (m)⊗ V (e)). 
Proposition 5.5. Let ρ : H → GLm (m  2) be any (irreducible) representation of any
(semisimple) algebraic group H .
(1) For n  me with any e = e1 + · · · + er , the space (H × SLn)\GLmn is always
P(e1, e2, . . . , er ,mn− e)-spherical.
(2) For me > n > e
m
with any e = e1 + · · · + er satisfying er  m(me − n), the space
(H × SLn)\GLmn is always P(e1, e2, . . . , er ,mn− e)-spherical.
Proof. (1) Since n  me, a triplet (H × SLn × P(e1, e2, . . . , er ), ρ ⊗ Λ1 ⊗ Λ∗1,V (m) ⊗
V (n)⊗ V (e)) is a trivial P.V., and hence we obtain our assertion.
(2) Since er  m(me − n), by (2) in Proposition 5.4, a triplet (H × SLme−n ×
P(er , er−1, . . . , e1), ρ∗ ⊗Λ1 ⊗Λ∗1,V (m)⊗V (me− 1)⊗V (e)) is a P.V. Since its castling
transform is (H × SLn × P(e1, . . . , er ), ρ ⊗ Λ1 ⊗ Λ∗1,V (m) ⊗ V (n) ⊗ V (e)), we obtain
our result. 
Proposition 5.6. Let (H × GLn, ρ ⊗Λ1,V (m)⊗ V (n)) with 2m< n be a trivial P.V.
(1) (H × SLn)\GLmn is not P(e1, . . . , er ,mn − e)-spherical for any e = e1 + · · · + er
satisfying 2n
m
 emn− 2n
m
except (SL2 × SL3)\GL6.
(2) (SL2 × SL3)\GL6 is P -spherical if and only if P contains some P(e1, e2, e3) which
is different from P(2,2,2), namely one of P(1,1,4),P (1,2,3),P (1,3,2),P (1,4,1),
P(2,1,3),P (2,3,1),P (3,1,2),P (3,2,1),P (4,1,1).
Proof. (1) Since ρ(H) ⊂ SLm, it is enough to show the case (H,ρ) = (SLm,Λ1). Now
((SLm × SLn)\GLmn) is P(e,mn − e)-spherical if and only if a triplet (SLm × SLn ×
GLe,Λ1 ⊗ Λ1 ⊗ Λ1,V (m) ⊗ V (n) ⊗ V (e)) is a P.V. If 2nm  e  mn2 , this is reduced,
and hence it is a P.V. if and only if m = 2 and n = e = 3. If mn2  e  mn − 2nm , then
(SLm × SLn × GLmn−e,Λ1 ⊗ Λ1 ⊗ Λ1,V (m) ⊗ V (n) ⊗ V (mn − e)) is reduced, and we
have m = 2 and n = e = 3.
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P(4,1,1). It is P(1,2,3)-spherical if and only if (SL2 × SL3 × GL3 × GL1,Λ1 ⊗ Λ1 ⊗
Λ1 ⊗ 1 + 1 ⊗ 1 ⊗ 1 ⊗ Λ∗1) ∼= (SL2 × GL3 × GL3,Λ1 ⊗ Λ1 ⊗ Λ1 + 1 ⊗ 1 ⊗ Λ∗1) is a
P.V. and this is so because the GL3-part of the generic isotropy subgroup consists of all
nonsingular diagonal matrices. Similarly one can show that it is P(2,1,3)-spherical. It
is P(2,3,1)-spherical if and only if (SL2 × SL3 × GL4 × GL1,Λ1 ⊗ Λ1 ⊗ Λ∗1 ⊗ 1 +
1 ⊗ 1 ⊗ Λ1 ⊗ Λ1,M(3,4) ⊕ M(3,4) ⊕ C4) is a P.V. which is actually so with a generic
point ([I3|0], [0|I3], e1 + e4). If it is P -spherical, then we have dim SL2 + dim SL3 +
dimP  dim GL6, and hence dimP  25. Since dimP(1,1,1,3) = dimP(1,1,3,1) = 24
and dimP(1,2,2,1) = 23, etc., they are minimal. 
Proposition 5.7. Let ρ : H → GLm be any representation with m 2. Then the following
statements are equivalent.
(1) The space ρ(H)\GLm is P(e1, . . . , er ,m− e)-spherical.
(2) For any f = f1 + · · · + fs with f1  m − e, the space (ρ∗(H) × SLM)\GLmM is
P(fs, . . . , f1, er , . . . , e1,mM − e − f )-spherical where M = m(e + f )− 1.
Proof. (1) is equivalent to the prehomogeneity of a triplet (H × P(e1, . . . , er ), ρ ⊗Λ∗1,
V (m)⊗V (e)). By (3) of Proposition 5.4, it is equivalent to the prehomogeneity of a triplet
(H × P(e1, . . . , er , f1, . . . , fs), ρ ⊗ Λ∗1,V (m) ⊗ V (e + f )). The prehomogeneity of its
castling transform (H ×SLM ×P(fs, . . . , f1, er , . . . , e1), ρ∗ ⊗Λ1 ⊗Λ∗1,V (m)⊗V (M)⊗
V (e + f )) is equivalent to (2). 
Proposition 5.8. For n′  n  1, m  2, mn > e = e1 + · · · + er and n + n′ = me, the
following assertions are equivalent.
(1) (ρ(H)× SLn)\GLmn = P(e1, e2, . . . , er ,mn− e)-spherical.
(2) (ρ∗(H)× SLn′)\GLmn′ = P(er , er−1, . . . , e1,mn′ − e)-spherical.
Proof. (1) implies the prehomogeneity of (H × P(e1, e2, . . . , er ) × GLn, ρ ⊗ Λ∗1 ⊗Λ1,
V (m) ⊗ V (e) ⊗ V (n)). Since H is semisimple, its castling transform is P.V.-equivalent
to (H × P(er , er−1, . . . , e1) × GLn′ , ρ∗ ⊗ Λ∗1 ⊗ Λ1,V (m) ⊗ V (e) ⊗ V (n′)). This im-
plies (2). 
Corollary 5.9. The space ρ(H)\GLm is P(e1, e2, . . . , er ,m − e)-spherical if and only if
(ρ∗(H)× SLme−1)\GLm(me−1) is P(er , er−1, . . . , e1,m2e −m− e)-spherical.
6. Parabolic prehomogeneous pairs of type (ρ(H)\GLm,P (e,m − e))
Let ρ : H → GLm be an irreducible representation of a semisimple algebraic group H .
When ρ(H)\GLm is P -spherical, we call a pair (ρ(H)\GLm,P ) a parabolic prehomoge-
neous pair (abbreviated PP-pair).
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(ρ(H)\GLm,P ) is a PP-pair if and only if a triplet (H × GLe, ρ ⊗ Λ1,V (m) ⊗ V (e)) is
an irreducible P.V.
Now two PP-pairs (ρ(H)\GLm,P (e,m− e)) and (σ (K)\GLn,P (f,n−f )) are called
equivalent if irreducible P.V.’s (H ×GLe, {ρ⊗Λ1},V (m)⊗V (e)) and (K×GLf , σ ⊗Λ1,
V (n)⊗ V (f )) are castling equivalent.
A PP-pair (ρ(H)\GLm,P (e,m − e)) is called reduced if (H × GLe, ρ ⊗ Λ1,V (m) ⊗
V (e)) is a reduced irreducible P.V. For example, ((SL2 × SL3)\GL6,P (3,3)) and ((SL3 ×
SL3)\GL9,P (2,7)) are both reduced and still they are equivalent since (SL3 × SL3 ×
GL2,Λ1 ⊗Λ1 ⊗Λ1,V (3)⊗ V (3)⊗ V (2)) is a reduced irreducible P.V.
Theorem 6.1. Any PP-pair (ρ(H)\GLm,P (e,m−e)) is equivalent to one of the following
reduced PP-pairs.
(1) ((ρ ⊗ Λ1)(H ′ × SLn)\GLkn,P (e, kn − e)) where ρ : H ′ → GLk is any irreducible
representation of any semisimple algebraic group H ′ with n ke.
(2) (2Λ1(SLn)\GL( n(n+1)2 ),P (1, n(n+1)2 − 1)) with n 2.
(3) (2Λ1(SL3)\GL6,P (2,4)).
(4) (Λ2(SLn)\GL( n(n−1)2 ),P (1, n(n−1)2 − 1)) with n 5.
(5) (Λ2(SL6)\GL15,P (2,13)).
(6) (Λ2(SLn)\GL( n(n−1)2 ),P (2, n(n−1)2 − 2)) with n 5 and n is odd.
(7) (Λ2(SL5)\GL10,P (e,10 − e)) with e = 3,4.
(8) (3Λ1(SL2)\GL4,P (1,3)).
(9) (Λ3(SL6)\GL20,P (1,19)).
(10) (Λ3(SL7)\GL35,P (1,34)).
(11) (Λ3(SL8)\GL56,P (1,55)).
(12) ((SL3 × SL3)\GL9,P (2,7)).
(13) (Spn\GL2n,P (e,2n− e)) for any e satisfying 1 e n.
(14) (Λ3(Sp3)\GL14,P (1,13)).
(15) (SOn\GLn,P (e,n− e)) with any e satisfying 1 e n2 .
(16) (Λ(Spin7)\GL8,P (e,8 − e)) with e = 1,2,3 where Λ denotes the spin representa-
tion.
(17) (Λ(Spin9)\GL16,P (1,15)).
(18) (Λ(Spin11)\GL32,P (1,31)).
(19) (Λe(Spin10)\GL16,P (e,8 − e)) with e = 1,2,3 where Λe denotes the even half-spin
representation.
(20) (Λe(Spin12)\GL32,P (1,31)).
(21) (Λe(Spin14)\GL64,P (1,63)).
(22) (Λ2(G2)\GL7,P (e,7 − e)) with e = 1,2.
(23) (Λ1(E6)\GL27,P (e,27 − e)) with e = 1,2.
(24) (Λ6(E7)\GL56,P (1,55)).
(25) ((Spn × SO3)\GL6n,P (1,6n− 1)).
Proof. This is obtained from a classification of irreducible P.V.’s [SK]. 
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A pair (ρ(H)\GLm,P (e1, e2, e3)) is a PP-pair if and only if a triplet (H × GLe1+e2 ×
GLe1 , ρ ⊗ Λ∗1 ⊗ 1 + 1 ⊗ Λ1 ⊗ Λ1) is a P.V. Two pairs are called equivalent (and
denoted by ∼) if their corresponding triplets are castling equivalent. For example,
(Λ2SL5\GL10,P (2,7,1)) ∼ ((Λ2SL5×SL89)\GL890,P (7,2,881)) ∼ (((Λ2SL5×SL89)×
SL8009)\GL7128010,P (7128001,7,2)), etc. Since H is reductive, we have (ρ(H)\GLm,
P (e1, e2, e3)) ∼ (ρ(H)\GLm,P (e3, e2, e1)). Hence essentially we may only consider the
case e1  e3.
A pair (ρ(H)\GLm,P (e1, e2, e3)) is called reduced if m is minimum among its equiva-
lence class. When (H × GL1, ρ ⊗ Λ1,V (m)) is a non-trivial P.V., we already classified
such PP-pairs in Section 4. Hence we are interested in the reduced PP-pairs of type
((H × SLn)\GLmn,P (e1, e2, e3)) with m n and e1  e3. Moreover, by Proposition 5.2,
we may assume that m< n.
Case 1. nm(e1 + e2) (or nm(e3 + e2)).
In this case, ((H × SLn)\GLmn,P (e1, e2, e3)) is a reduced PP-pair by Propo-
sition 5.5.
Case 2. n′ = m(e1 + e2)− n n (and also n′′ = m(e3 + e2)− n n).
Case 3. n > n′ = m(e1 + e2)− n 1 and mn′  e2.
In this case, ((H × SLn)\GLmn,P (e1, e2, e3)) is a reduced PP-pair by Propo-
sition 5.5. Note that we have n′′ = m(e3 + e2)− n n since e1 + e2 + e3 = mn.
Case 4. n > n′ = m(e1 + e2)− n 1 and e1 + e2 mn′ > e2.
In this case, ((H ×SLn)\GLmn,P (e1, e2, e3)) is a PP-pair if and only if ((H ×
SLn′)\GLmn′ ,P (e2,mn′ − e2)) is a PP-pair by (3) of Proposition 5.4.
Case 5. n > n′ = m(e1 + e2)− n 1 and mn′ > e1 + e2.
In this case, ((H × SLn)\GLmn,P (e1, e2, e3)) is not reduced since it is equiv-
alent to ((H × SLn′)\GLmn′ ,P (e1, e2,mn′ − e1 − e2)).
So we have only to consider the Case 2, namely e1 + e2  2nm and e3 + e2  2nm .
If max{e1, e3}  nm with m  3, we can give a simple criterion to be a PP-pair
(see Theorem 7.7). If max{e1, e3}  n2 with e1 + e3 < n, we can see when ((SL2 ×
SLn)\GL2n,P (e1, e2, e3)) is a PP-pair (see Corollary 7.5) since, for given e1 and e3, we
can easily check that (SO3 ×GLe1 ×GLe3,Λ1 ⊗Λ1 ⊗Λ1,V (3)⊗V (e1)⊗V (e3)) is a P.V.
or not, by castling transformations. The most difficult case is when e1 < nm < e3 <
2n
m
− e1,
and in this case, we can give only some equivalence (see Theorem 7.9). We shall give some
application of this equivalence (see Proposition 7.11).
Lemma 7.1. If 2n
m
 ei + ej  mn − 2nm for some i, j = 1,2,3 and i = j , then ((H ×
SLn)\GLmn,P (e1, e2, e3)) is a non PP-pair except (SL2 × SL3)\GL6.
Proof. We have to prove only the case e1 + e3. It is enough to show that (SLm × SLn ×
P(e1, e2, e3),Λ1 ⊗ Λ1 ⊗ Λ∗,V (m) ⊗ V (n) ⊗ V (mn)) is a non-P.V. if 2n  e1 + e3 1 m
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m
. We show that the difference D of the dimension of the group and the space is
negative where
D = m2 + n2 − 2 + m
2n2 + e21 + e22 + e23
2
−m2n2.
Put s = e1+e3 and e1 ·e3 = t , then D = s2−mns+m2+n2− t−2 with 2nm  s mn− 2nm .
Now assume that m 3. It is enough to show that D < 0 at s = 2n
m
. Its value times m2 is
a monotone decreasing function (4 −m2)n2 +m4 − tm2 − 2m2 of n 0. Our assumption
is m < n, and its value at n = m + 1 is −2m3 + (1 − t)m2 + 8m + 4 with t  1. Since
m  3 implies that 2m3  18m = 8m + 10m > 8m + 4, we obtain our results. If m = 2,
then s = n and D = 2 − t . So if t  3, it is OK. If t = e1 · e3 = 1, then n = s = e1 + e3 = 2
which contradicts n 3. If t = 2, then n = 3 and we obtain our exception. 
Hence if ((H × SLn)\GLmn,P (e1, e2, e3)) is a reduced PP-pair in the Case 2, by
Lemma 7.1, we have e1 + e2 > mn − 2nm , which is equivalent to e3 < 2nm . Similarly we
have e1 < 2nm .
Lemma 7.2. If ((H × SLn)\GLmn,P (e1, e2, e3)) is a PP-pair with e1 < 2nm and e3 < 2nm
then except ((SL2 × SL3)\GL6,P (1,3,2)), we have e1 + e3 < 2nm . In particular we have
e1 <
n
m
if e1  e3.
Proof. If not in the case m 3, then we have 2n
m
 e1 +e3 < 4nm <mn− 2nm , and we obtain
our results by Lemma 7.1. If m = 2, then e1 + e3 < 2nm is equivalent to e2  n + 1. Since
m = 2 implies that (H,ρ) = (SL2,Λ1), we obtain our result from Proposition 5.6 and the
following proposition. 
Proposition 7.3. Assume that e1  e3  n − 1. If ((SL2 × SLn)\GL2n,P (e1, e2, e3)) with
n 4 is a PP-pair, then we have e2  n+ 1.
Proof. It is a PP-pair if and only if (SL2 × SLn × P(e1, e2),Λ1 ⊗ Λ1 ⊗ Λ∗1,V (2n(e1 +
e2))) is a P.V. Our condition e1  e3  n − 1 implies that n − e2 + 1  e1  n − e22 .
Since f (e1) = dim (the group) − dim (the space) = e21 − (2n − e2)e1 + (n − e2)2 + 2 
f (n− e2 + 1) = −e2(n+ 1 − e2)+ 3 < 0 if e2  n, we obtain our result. 
By Lemma 7.2, it is enough to consider ((H × SLn)\GLmn,P (e1, e2, e3)) with e1  nm
and e3 < 2nm − e1. Note that it is a PP-pair if and only if (H × GLn × GLe3+e2 × GLe3,
ρ ⊗ Λ1 ⊗ Λ∗1 ⊗ 1 + 1 ⊗ 1 ⊗ Λ1 ⊗ Λ∗1,M(m(e3 + e2), n) ⊕ M(e3 + e2, e3)) is a P.V.
Since nme1, the castling form (H ×GLn ×GLe1 , ρ∗ ⊗Λ∗1 ⊗Λ∗1,M(me1, n)) of its first
component is a trivial P.V. The isotropy subgroup at V0 = [Ime1 |0] ∈ M(me1, n) is given
by {(
A,
(
ρ∗(A)⊗ tC−1 0
∗ ∗
)
,C
)
∈ H × GLn × GLe1
}
(7.1)
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H〈V0〉 =
{(
A,
(
ρ∗(A)⊗ tC−1 0
∗ ∗
))
∈ H × GLn
}
. (7.2)
This acts on
〈V0〉⊥ =
{[X1| . . . |Xe1 |Y ] ∈ M(m,n); trX1 = · · · = trXe1 = 0, Y ∈ M(m,n−me1)}
by
ρ(A)[X1| . . . |Xe1 |Y ]
(
ρ−1(A)⊗C−1 B12
0 B2
)
,
where A ∈ H,B2 ∈ GLn−me1, B12 ∈ M(me1, n−me1) and C ∈ GLe1 .
We express an element of 〈V0〉⊥ ⊗Aff e3 as
[X|Y ] =
⎛
⎜⎝
X11 . . . X1e1 Y1
. . .
. . .
. . .
. . .
Xe31 . . . Xe3e1 Ye3
⎞
⎟⎠ ∈ M(me3, n). (7.3)
Then H〈V0〉 × GLe3 acts on 〈V0〉⊥ ⊗Aff e3 ⊂ M(me3, n) as
[X|Y ] → (ρ(A)⊗ tD−1)[X|Y ]( ρ−1(A)⊗C−1 B120 B2
)
= [(ρ(A)⊗ tD−1)X(ρ−1(A)⊗C−1)∣∣(ρ(A)⊗ tD−1)(XB12 + YB2)]
where D ∈ GLe3 .
Hence if this is a P.V., then (H × GLe1 × GLe3,Adρ ⊗Λ∗1 ⊗Λ∗1, slm ⊗V (e1)⊗V (e3))
is a P.V. where Adρ is the restriction of the adjoint representation on slm = {X ∈
M(m); trX = 0} of SLm to ρ(H). If X0 ∈ M(me3,me1) is its generic point, then we have
[X0|0] → [(ρ(A) ⊗ tD−1)X0(ρ−1(A) ⊗ C−1)|(ρ(A) ⊗ tD−1)X0B12]. Hence if inequal-
ity e3  e1 < nm holds, then since we have {X0B12;B12 ∈ M(me1, n − me1)} = M(me3,
n − me1), this condition is necessary and sufficient. Clearly if e1 = nm , the converse also
holds. Hence by Theorem 2.3, we obtain the following theorem.
Theorem 7.4. If ((H × SLn)\GLmn,P (e1, e2, e3)) with e1 + e3 < 2nm is a PP-pair, then
(H × GLe1 × GLe3,Adρ ⊗ Λ1 ⊗ Λ1, slm ⊗ V (e1) ⊗ V (e3)) is a P.V. If max{e1, e3} nm ,
then the converse also holds.
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(1) Assume that (SO3 × GLe1 × GLe3,Λ1 ⊗ Λ1 ⊗ Λ1,V (3) ⊗ V (e1) ⊗ V (e3)) is a P.V.
Then for any n satisfying n  max{2e1,2e3}, ((SL2 × SLn)\GL2n,P (e1, e2, e3)) is a
PP-pair.
(2) Assume that (SO3 × GLe1 × GLe3,Λ1 ⊗ Λ1 ⊗ Λ1,V (3) ⊗ V (e1) ⊗ V (e3)) is a non-
P.V. Then for any n satisfying n > e1 + e3, ((SL2 × SLn)\GL2n,P (e1, e2, e3)) is a
non-PP-pair.
Proof. Since (SL2, the adjoint rep.) = (SL2,2Λ1) = (SO3,Λ1), we obtain our result from
Theorem 7.4. Note that in (1), n  max{2e1,2e3} implies that e1 + e3 < n except e1 =
e3 = n2 . However, by a classification of irreducible P.V.’s, we know that (SO3 × GL( n2 ) ×
GL( n2 ),Λ1 ⊗Λ1 ⊗Λ1,V ( 3n
2
4 )) is a non-P.V. 
Lemma 7.6. Assume that k  3. The following statements are equivalent.
(1) The space
(
GLm × GLn,
k︷ ︸︸ ︷
(Λ1 ⊗Λ1)⊕ · · · ⊕ (Λ1 ⊗Λ1),
k︷ ︸︸ ︷
M(m,n)⊕ · · · ⊕M(m,n) )
is a P.V.
(2) m2 + n2  kmn.
Proof. (1) implies (2) since P.V. implies that dim the group  dim the space.
(2) implies m = n. So we may assume that m < n. If n km, then (1) is a trivial P.V.
Assume that km> n. Then the castling transform of (1) is
(
GLm × GLn′ ,
k︷ ︸︸ ︷
(Λ1 ⊗Λ1)⊕ · · · ⊕ (Λ1 ⊗Λ1),
k︷ ︸︸ ︷
M(m,n′)⊕ · · · ⊕M(m,n′) )
with n′ = km − n satisfying m2 + n′2  kmn′. We shall show that n′ < n. Put t = n
m
(> 1). Then (2) implies t2 − kt + 1  0. If (1 <) t  k−
√
k2−4
2 , then we have k < 2, a
contradiction. Therefore we have t  k+
√
k2−4
2 >
k
2 which implies n
′ < n. If this is not a
trivial P.V., then we can continue the same procedure until it becomes a trivial P.V. since
m = n = 1 does not satisfy (2). 
Theorem 7.7. Assume that m 3. Then the following assertions are equivalent.
(1) ((H ×SLn)\GLmn,P (e1, e2, e3)) is a PP-pair for any n satisfying nmax{me1,me3}
where ρ : H → GLm is any representation of any semisimple algebraic group H .
(2) e21 + e23  (m2 − 1)e1e3.
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Λ1 ⊗ Λ1, slm ⊗ V (e1) ⊗ V (e3)) with m 3 is a P.V., then it must be castling equivalent
to a trivial P.V. even when H = SLm. Hence it is so if and only if H = {Im}. Hence by
Theorem 7.4 and Lemma 7.6, we obtain our results. Note that e1 + e3 < 2nm except e1 =
e3 = nm , and in that case, (1) and (2) do not hold. 
Theorem 7.8. Assume that e1 + e3 < 2nm and e21 + e23 < (m2 − 1)e1e3. Then ((H ×
SLn)\GLmn,P (e1, e2, e3)) is a non PP-pair where ρ : H → GLm is any representation
of any semisimple algebraic group H .
Proof. By Theorem 7.4 and the proof of Theorem 7.7, we obtain our results. 
Finally we shall investigate the remaining case, i.e., ((H × SLn)\GLmn,P (e1, e2, e3))
with e1 < nm < e3 <
2n
m
− e1 under the assumption (H × GLe1 × GLe3,Adρ ⊗ Λ∗1 ⊗ Λ∗1)
is a P.V. The action of this P.V. is given by X → (ρ(A) ⊗ tD−1)X(ρ−1(A) ⊗ C−1)
where X ∈ M(me3,me1) and (A,C,D) ∈ H × GLe1 × GLe3 . If X0 is its generic point,
any element (A0,C0,D0) of the isotropy subgroup of H × GLe1 × GLe3 at X0 satis-
fies (ρ(A0) ⊗ tD−10 )X0 = X0(ρ(A0) ⊗ C0). Put 〈X0〉 = 〈x1, . . . , xme1〉 ⊂ V (me3) where
X0 = [x1| . . . |xme1] with each xi ∈ V (me3). For any (A0,C0,D0), we have
{(
ρ(A0)⊗ tD−10
)
X0
tB21 | tB21 ∈ M(me1, n−me1)
}
= X0
(
ρ(A0)⊗C0
)
M(me1, n−me1) = X0M(me1, n−me1)
= X0 · V (me1)⊗ V (n−me1) = 〈X0〉 ⊗ V (me3) ⊂ V (me3)⊗ V (n−me1).
For
Y = [y1| . . . |yn−me1] ∈ V (me3)⊗ V (n−me1) = M(me3, n−me1),
put
Y = [y1 mod〈X0〉| . . . |yn−me1 mod〈X0〉] ∈ (V (me3)/〈X0〉)⊗ V (n−me1).
Then the action on (V (me3)/〈X0〉)⊗V (n−me1) is given by Y → (ρ(A0)⊗ tD−10 )Y tB22
with B22 ∈ GLn−me1 . Thus we obtain the following theorem.
Theorem 7.9. Let
e1 <
n
m
< e3 <
2n
m
− e1
and assume that (H × GLe1 × GLe3 ,Adρ ⊗Λ∗1 ⊗Λ∗1) is a P.V. with a generic point X0 ∈
M(me3,me1). Then ((H × SLn)\GLmn,P (e1, e2, e3)) is a PP-pair if and only if ((H ×
GLe × GLe )X × GLn−me ,ρ ⊗ 1 ⊗Λ∗ ⊗Λ1, (V (me3)/〈X0〉)⊗ V (n−me1)) is a P.V.1 3 0 1 1
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Lemma 7.10. The following assertions are equivalent.
(1) (H × GLe1 × GLe3,Adρ ⊗Λ∗1 ⊗Λ∗1) is a P.V.
(2) ((H × SLme1)\GLm2e1,P (e1, (m2 − 1)e1 − e3, e3)) is a PP-pair.(3) (H × GLme1 × GL(m2−1)e1 × GLe3, ρ ⊗Λ1 ⊗Λ∗1 ⊗ 1 + 1 ⊗ 1 ⊗Λ1 ⊗Λ∗1) is a P.V.
Proof. The equivalence of (1) and (2) is obtained from Theorem 7.4 with n = me1, and
that of (2) and (3) is from the remark after Proposition 7.3. 
Proposition 7.11. Assume that e1 < nm < e3 <
2n
m
− e1. Then the following assertions are
equivalent.
(1) ((H × SLn)\GLmn,P (e1, e2, e3)) with e3 = (m2 − 1)e1 is a PP-pair.
(2) ((H × SLe3)\GLme3,P (me1, n−me1,me3 − n)) is a PP-pair.
Proof. If e3 = (m2 − 1)e1, then (3) of Lemma 7.10 is equivalent to the prehomogeneity of
(H × GLe3 × GLme1, ρ ⊗Λ∗1 ⊗Λ1,M(me3,me1)). Let X0 ∈ M(me3,me1) be its generic
point. Then H × GLe3 × P(me1, n−me1) acts on M(me3, n) by
[X|Y ] → (ρ(A)⊗ tD−1)[X|Y ](B1 B120 B2
)
= [(ρ(A)⊗ tD−1)XB1∣∣(ρ(A)⊗ tD−1)(XB12 + YB2)],
where (A,D) ∈ H ×GLe3,B1 ∈ GLme1,B2 ∈ GLn−me1,B12 ∈ M(me1, n−me1). Then the
action of the stabilizer at X = X0 on Y coincides with the action of Theorem 7.9. Hence
we obtain our result. 
For example, if m = 2, n = 5, e1 = 1, e3 = 3, then we have:
(1) ((SL2 × SL5)\GL10,P (1,6,3)); and
(2) ((SL2 × SL3)\GL6,P (2,3,1)) which is a PP-pair by (2) of Proposition 5.6.
Hence ((SL2 × SL5)\GL10,P (1,6,3)) is a PP-pair.
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